We sketch a group-theoretical framework, based on the Heisenberg-Weyl group, encompassing both quantum and classical statistical descriptions of unconstrained, non-relativistic mechanical systems. We redefine in group-theoretical terms a kinematical arena and a space of statistical states of a system, achieving a unified quantum-classical language and an elegant version of the quantum-toclassical transition. We briefly discuss the structure of observables and dynamics within our framework.
INTRODUCTION
Since the seminal works of Weyl (1) and Wigner, (2) the fundamental role of group theory in quantum mechanics has become an established fact. The aim of the present work is to remark that it is possible to redefine, using solely group-theoretical notions, the mathematical representations of kinematical arena and state-space in non-relativistic quantum mechanics, such that (i) a unified language for quantum and classical statistical descriptions is obtained; (ii) there is a natural transition mechanism, leading from a more generic quantum state-space to a classical one. The latter is a mathematically precise formulation of the classical limit of quantum theory at the level of statistical descriptions. It constitutes the main result of our paper. Since the literature on the subject is enormous, let us state it clearly that our work is neither meant to be an overview of the quantization methods, nor even an overview of various realisations of classical limits of quantum mechanics. For that see, e.g., Refs. 3, 4 and the references therein.
In classical physics, statistical description of mechanical systems is given in terms of probability measures µ on a phase space . On the other hand, in quantum mechanics, statistical properties are encoded into density matrices acting on a Hilbert space H. A natural question arises how to connect these two such seemingly different formalisms through a sort of a quantum-to-classical transition. Obviously, such a transition must exists, as indirectly proven by numerous examples and more or less heuristical arguments within all possible approaches to quantum theory. The question is rather how to write it in a clear, precise manner in a hope to shed some light on how the classical world appears. One strategy, which we adopt in this work, is first to try to find a common theoretical framework for both quantum and classical theories and then search for a transition mechanism within this framework. The standard realization of such approach is to use Wigner (5) or Moyal functions, (6) associating with every density matrix a phase-space pseudo-probability distribution W and a corresponding pseudo-characteristic function χ respectively (e.g. Ref. 7 contains a modern exposition). However, it is a well known fact (5,7) that both W and χ fail to satisfy the positivity conditions that possess their classical analogs. Moreover, there seems to be no direct relation between positivity of Wigner or Moyal functions and "classical behaviour" of density matrices. Whether this is a drawback or not in the context of providing a unified framework for both quantum and classical statistics is perhaps a matter of taste, but let us assume that it is.
The aim of our work is to point out that such a unified language with a clearly visible quantum-to-classical transition mechanism is achieved if instead of working with density matrices and probability measures one performs (generalized) Fourier transform and works with (generalized) characteristic functions. The structure, which emerges after such Fourier transform is universal-in both quantum and classical cases it consists of a certain group G, serving as a sort of "kinematical arena" (instead of a phase space or a Hilbert space H) and a set of normalized, positivedefinite functions φ, representing statistical states. Recall (8) that a complex function φ on a group G with a Haar measure dg is called positivedefinite if it is bounded, continuous, and satisfies:
